Abstract
Introduction
We shall consider only simple undirected graphs (i.e. undirected graphs without loops or multiple edges). For a graph G, let V (G) denote the vertex set and E(G) the edge set. The characteristic polynomial |xI − A| of the adjacency matrix A (or A(G)) of G is called the characteristic polynomial of G and denoted by P (G, x) . The spectrum of A(G) is also called the spectrum of G.
The notion of integral graphs was first introduced by Harary and Schwenk in 1974 [6] . A graph G is called integral if all eigenvalues of the characteristic polynomial P (G, x) are integers. In general, the problem of characterizing integral graphs seems to be difficult. Thus it makes sense to restrict our investigations to some interesting families of graphs, for instance, cubic graphs [3, 11] , complete multipartite graphs [9, 12] , graphs with three eigenvalues [8] , graphs with maximum degree 4 [2] , etc. Other results on integral graphs can be found in [1, 4, 5, 7] . For all other facts on graph spectra (or terminology), see [4, 5] .
A complete r-partite graph K p 1 ,p 2 ,...,p r is a graph with a set V = V 1 ∪ V 2 ∪ · · · ∪ V r of p 1 + p 2 + · · · + p r (=n) vertices, where V i 's are nonempty disjoint sets, |V i | = p i for 1 i r, such that two vertices in V are adjacent if and only if they belong to different V i 's. Assume that the number of distinct integers of p 1 , p 2 , . . . , p r is s. Without loss of generality, assume that the first s ones are the distinct integers such that p 1 < p 2 < · · · < p s . Suppose that a i is the multiplicity of p i for each i =1, 2, . . . , s. The complete r-partite graph K p 1 i . An infinite family of integral complete tripartite graphs was first constructed in [9] . The authors of [2] thought that the general problem on integral complete multipartite graphs seems to be intractable. In [12] 
Preliminaries
Firstly, we shall state some known results on integral complete multipartite graphs.
Theorem 1 (Wang et al. [12] 
are positive integers.
Corollary 3 (Wang et al. [12] 
Theorem 4 (Wang et al. [12] 
where t is an integer.
Integral complete multipartite graphs
In this section, we shall construct infinite many new classes of integral complete multipartite graphs K 
are positive integers. By Corollary 3, we know
Hence, when s = 3, it is sufficient to find only all positive integers p i , a i (i = 1, 2, 3), u 1 and negative integers u j (j = 2, 3) for the following equations:
By using a computer search, we have found 329 integral solutions for Eq. (7), where 1 p 1 10, Table 1 is obtained by computer search, where 1 p 1 10,
By Theorem 4, it is not difficult to prove that these graphs K a 1 ·p 1 q,a 2 ·p 2 q,a 3 ·p 3 q are integral for any positive integer q.
From Theorems 2, 4 and 7, the following theorem can be obtained. Proof. For s = 3, by Theorem 7, we find p 1 = 1, p 2 = 3, p 3 = 8, u 2 = −2, u 3 = −4. By Theorem 2, we get
So, K a 1 ·p 1 ,a 2 ·p 2 ,a 3 ·p 3 is integral if and only if a 1 , a 2 , a 3 are positive integers. From (8) and (9), we get the Diophantine equation
A result in elementary number theory yields that all positive integral solutions of Eq. (11) are given by a 1 = 45t + 6, a 2 = 7t + 1, where t is a nonnegative integer. From (9) and (10), we have u 1 = 210t + 27, a 3 = 18t + 3. Hence, when p 1 = 1, p 2 = 3, p 3 = 8, a 1 = 45t + 6, a 2 = 7t + 1, a 3 = 18t + 3, where t is a nonnegative integer, then the graph K a 1 ·p 1 ,a 2 ·p 2 ,a 3 ·p 3 is integral. By Theorem 4, it is easy to prove that the graph K a 1 ·p 1 q,a 2 ·p 2 q,a 3 ·p 3 q is integral for any positive integer q.
Similarly, it is not difficult to prove that the other graphs K a 1 ·p 1 q,a 2 ·p 2 q,a 3 ·p 3 q in Table 2 are also integral for any positive integer q. Proof. For s = 3, by Lemma 9, we find p 1 = 3, p 2 = 17, p 3 = 65, u 2 = −5, u 3 = −34. By Theorem 2, we get
So, K a 1 ·p 1 ,a 2 ·p 2 ,a 3 ·p 3 is integral if and only if a 1 , a 2 , a 3 are positive integers. From (12) and (13), we get the Diophantine equation
A result in elementary number theory yields that all positive integral solutions of Eq. (15) are given by a 1 = 4t 1 + 1, a 2 = 3t 1 + 1, where t 1 is a nonnegative integer. From (13) and (14), we have u 1 = 168t 1 + 39, a 3 = 21 13 t 1 + 1. Since a 3 must be a positive integer, we get t 1 = 13t, where t is a nonnegative integer. Hence, a 1 = 52t + 1, a 2 = 39t + 1, a 3 = 21t + 1, u 1 = 2184t + 39, where t is a nonnegative integer.
So, when p 1 = 3, p 2 = 17, p 3 = 65, a 1 = 52t + 1, a 2 = 39t + 1, a 3 = 21t + 1, where t is a nonnegative integer, then the graph K a 1 ·p 1 ,a 2 ·p 2 ,a 3 ·p 3 is integral. By Theorem 4, it is easy to prove that the graph K a 1 ·p 1 q,a 2 ·p 2 q,a 3 ·p 3 q is integral for any positive integer q.
Similarly, by Lemma 9, it is not difficult to prove that the other graphs K a 1 ·p 1 q,a 2 ·p 2 q,a 3 ·p 3 q with (p 1 , p 2 , p 3 ) = 1 in Table 4 are also integral for any positive integer q.
Note that the following numbering of p i 's in Lemmas 11, 13 and Theorems 12, 14 may not coincide with the one fixed before. K a 1 ·p 1 q,a 2 ·p 2 q,a 3 ·p 3 q = K p 1 q,p 2 q,p 3 q is integral. 2, 5, 10}) . From Theorem 2, we have that (16) and (17), we get the Diophantine equation (20) and (21), we get the Diophantine equation
Lemma 11 (Wang et al. [12]). For s
= 3, let a 1 = a 2 = a 3 = 1, p 1 = 2b(2b−a) d , p 2 = 2a(2a+b) d , p 3 = a 2 +b 2 d , u 1 = 2b(b+2a) d , u 2 = − 2a(2b−a) d , u 3 = − 2(a 2 +b 2 ) d , where m = a b ∈ Q, (a, b) = 1, a > 0, b > 0, √ 5−1 2 = 0.618 . . . < m(= a b ) < 2, d = (2b(2b − a), 2a(2a + b), a 2 + b 2 ) (note that d ∈ {1, 2, 5,
10}). Then for any positive integer q the graph
Assume that 
A result in elementary number theory yields that all positive integral solutions of Eqs. (30) and (31) are given, respectively, by a 1 = 11t 1 + 29, a 2 = 3t 1 + 8, u 1 = 99t 1 + 260, and a 3 = 143t + 6, a 4 = 135t + 6, u 1 = 6435t + 260, where t 1 ( − 2) and t ( 0) are integers. Hence u 1 = 99t 1 + 260 = 6435t + 260 must be a positive integer. It deduces that t 1 = 65t. So we have a 1 = 715t + 29, a 2 = 195t + 8, a 3 = 143t + 6, a 4 = 135t + 6, u 1 = 6435t + 260, where t is a nonnegative integer. Hence, when p 1 = 1, p 2 = 4, p 3 = 10,p 4 = 26, a 1 = 715t + 29, a 2 = 195t + 8, a 3 = 143t + 6, a 4 = 135t + 6, where t is a nonnegative integer, then the graph K a 1 ·p 1 ,a 2 ·p 2 ,a 3 ·p 3 ,a 4 ·p 4 is integral. By Theorem 4, it is easy to prove that the graph K a 1 ·p 1 q,a 2 ·p 2 q,a 3 ·p 3 q,a 4 ·p 4 q is integral for any positive integer q.
Similarly, it is not difficult to prove that the other graphs K a 1 ·p 1 q,a 2 ·p 2 q,a 3 ·p 3 q,a 4 ·p 4 q in Table 6 are also integral for any positive integer q.
